CHAPTER 1

Linear systems theory

Problems

Written exercises

1.1 Find the rank of the matrix [ g 8 ]

Solution

The rank of a matrix A can be defined as the dimension of the largest submatrix
consisting of rows and columns of A whose determinant is nonzero. With this
definition we see that the rank of the zero matrix is zero.

1.2  Find two 2 x 2 matrices A and B such that A # B, neither A nor B are
diagonal, A # cB for any scalar ¢, and AB = BA. Find the eigenvectors of A and
B. Note that they share an eigenvector. Interestingly, every pair of commuting
matrices shares at least one eigenvector [Hor83, p. 51].
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Solution

Suppose A and B are given as

az
as

_ by by
5~ o]

Then we see that

AB — a1b; + ashsy aiby + ashs
- a9b + azbs azby + azbs
BA = aiby + azby ag2b; + aszba
- a1ba + asbs aaby + aabs

We see that AR = BA if a1b, +agbs = asb; + azby. This will be true, for example,
ifaj=1,a2=2,a3=1, b = 1, b2 = 3, and b3 = 1. This gives

)
o= 3]

For these matrices A4 has the eigenvalues —1 and 3, B has the eigenvalues —2 and
4, and both A and B have the eigenvectors [-1 1 ]T and [ 1 1 ]T.

1.3 Prove the three identities of Equation (1.26).

Solution

a). Suppose A4 is an n x m matrix, and B is an m x p matrix. Then

An Aim By By, T
(4B)" = : s s ;
Ana Anm B : BT’W
[ > Ay;B; S A;B;, 17
L > AniBj1 > A,U-ij ]
[ 3~ A1;B5 > AnjBj1 ]
L Z Alijp Z AnJij
311 Bml All Anl
BT AT = : : : :
Bip Brp Aim Anm
2. BitAy 2 Bj1An;
2 BjpAy; Y BjpAnj
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QED

b). Suppose that (4B)~* = C. Then CAB = I. Postmultiplying both sides of
this equation by B~! gives CA = B~!. Postmultiplying both sides of this
equation by A~! gives C = B~ A~'. Hence we see that (4B)~! = B~14~L

QED
¢). Suppose A is an n X m matrix, and B is an m x n matrix. Then
[ Ay 0 Am Bin -+ Bin
Tr(AB) = Tr : .o : 5, 1
| An1 - Anm Bog wmt: By
| X AuyBin o X AyBjn
= Tr : ;
[ 2 An;Bin -+ 2 AngBijn
k2 m
= 22 AyBy
i=1 j=1
('}311 ove  Bin Ay e Alm'l
Tr(BA) = Tr ;. : b :
k_ Bpi ¢ Bmn B 1w Bnm J
[ X Biydjn o Y BijAjm
= Tr :
L ZijA:il o 2 BmjAjm
™m n
= 2D Biudi
i=1j=1

QED
1.4 Find the partial derivative of the trace of AB with respect to A.

Solution

Suppose A is an n X m matrix, and B is an m x n matrix. Then

m

0A

OTr{AB) 8 2":
S = A= Aiij,'

94 i=1 =1
[ a.?u Z?:l Z?:l Ai By o GAL,,,, Z?:l z;n:l Ai; By

a n . bm ' P2) n < ™m
L 84, Ei:] j=1 Athji T BAnm 27=1 Z]:l Aiiji
By -+ Bm

LBln an
- BT
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1.5 Consider the matrix
A-]| @ b
Tl b e

Recall that the eigenvalues of A are found by find the roots of the polynomial

P(A) = |A\I — A|. Show that P(A) = 0. (This is an illustration of the Cayley—
Hamilton theorem [Bay99, Che99, Kai00].)

=
>

2z
I

[AI — A

A—a —b

-b A-c
= XM —(a+)\+ac~b?

P(A) = A*—(@+c)A+ (ac—bD)I

[ a®4+ b ab+be a b ac — b* 0

| ab+be b9+c2}_(a+c)[b c}+{ 0 ac — b?

[0 0]

[0 0]

1.6 Suppose that A is invertible and

s 4 )[e]-[1]

Find B and C in terms of 4 [Lie67).

Solution

Multiplying out the matrix equation gives the following two equations.

A+ AC = 0
BA+ AC = 1

Solving for B and C in terms of A gives

B = A+ 47!
C = —A

1.7 Show that AB may not be symmetric even though both A and B are sym-
metric.

Solution

Suppose the symmetric matrices A and B are given as
a1 a
a2 asy

Jth



