Chapter 1

Probability Theory

to its solution.”

The Adventure

1.1 a. Each sample point describes the result of the toss (H or T) for ea
for example THTT denotes T on 1st, H on 2nd, T on 3rd ang

such sample points.
b. The number of damaged leaves is a nonnegative 4

c. We might observe fractions of an hour. So we
infinite interval [0, 00).

d. Suppose we weigh the rats in ounces. The weight must, be grg@ter than zero so we might use
S = (0, 00). If we know no 10-day-old rat wei o0z., we could use S = (0, 100].

e. If n is the number of items in the shi t, then S = {0/n,1/n,...,1}.

1.2 For each of these equalities, you mus tainment in both directions.

a. z € AAB< € Aan
r¢BsreAandx

b. Suppose z € B. Then

(BNA)U (BN A®). Now suppose z € (BN A)U (BN A°).
BNA®). Ifx € (BNA), thenw € B. If & € (BN A°),

PRNA)U(BNA% = AU(BNAUAU(BNA®) = AU[AU (BN A°)] =

c AUB & z€AorzxeB & x€BUA

NB & ze€AandzeB & z€ BNA.

b.z2€e¢ AUBUC)S z€AorzeBUCe x€e AUBorze(C & 2 (AUB)UC.
(It can similarly be shown that AU (BUC) = (AUC)UB.)
reAN(BNC)e z€eAandereBandzeC< x€ (ANB)NC.

c. € (AUB)°e xz¢Aorx¢ B recAandx e B z€ A°NB°
r€(ANB) e 2¢ ANB& v¢Aandr ¢ B x€ A°orx € B e A°U BC.

1.4 a. “Aor Borboth” is AUB. From Theorem 1.2.9b we have P(AUB) = P(A)+P(B)—P(ANB).
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b. “A or B but not both” is (AN B°) U (BN A°). Thus we have

P((ANB°)U(BNA®)) = PANDB® + P(BNA° (disjoint union)
= [P(A)—P(ANB)]+[P(B)— P(AnB)] (Theoreml.2.9a)
= P(A)+P(B)—-2P(ANB).

c. “At least one of A or B” is AU B. So we get the same answer as in a).
d. “At most one of A or B” is (AN B)¢, and P((ANB)°)=1—- P(ANB).
1.5 a. ANBNC ={aU.S. birth results in identical twins that are female}
b. PLANBNC)=g5 X3 X 3
1.6
po=01-u)(1l-w), pr=ul-—w)+wl-—u), p=u

po=p2 = utw=1
pr=p2 = uw=1/3.

These two equations imply u(1 — u) = 1/3, which has no solu

the probability assignment is not legitimate.
1.7 a.

mbers. Thus,

1 _ wr

P(scoring i points) = _ »
A

b.
P ing i points N board is hit
P(scoring i points|board is hit) (scormg;)z(l;))(());? dsis hi:?r Ll
oarg >
2 6 —1 2 _ 5—4 2
P(scoring ¢ points d i % (6~ 52( . i=l s 5
Therefore,
), N (6 —i)% — (5 —1)2

oints|board is hit) =

52
points) = P(inside circle ¢) — P(inside circle ¢ + 1). Circle ¢ has radius

6 —i)’r? 6-(i + 1)) (6—1)’—(5—1)°
P(sscoring exactly i points) = 77(527;)2 Tl EE;;;?))) "~ = ) 52( ) .

nding the squares in part a) we find P(scoring exactly i points) = 122! which is

decreasing in 1. *
c. Let P(i) = 12 Since i < 5, P(i) > 0 for all i. P(S) = P(hitting the dartboard) = 1 by
definition. Lastly, P(i U j) = area of ¢ ring + area of j ring = P(i) + P(j).
1.9 a. Suppose z € (UyAn)¢, by the definition of complement = & U, A,, that is x € A, for all
o € I. Therefore x € A¢ for all a € I'. Thus z € N, A¢, and, by the definition of intersection
x € A¢ for all a € T'. By the definition of complement x ¢ A, for all a € I'. Therefore
T € UgAy. Thus z € (UgAda)C.
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b. Suppose z € (N, Aq)¢, by the definition of complement x ¢ (N, A, ). Therefore x ¢ A, for
some a € I'. Therefore x € Af, for some o € I'. Thus 2 € U, Af, and, by the definition of
union, xz € A¢ for some a € I'. Therefore x ¢ A, for some a € I". Therefore x € Ny An. Thus
x € (NaAq)C.

1.10 For Ay,..., A,

@ (UA) ~N4r @ (ﬂA) ~Ua
=1 i=1 i=1

i=1

Proof of (7): If z € (UA;)¢, then « ¢ UA;. That implies x ¢ A; for any i, so x € A for every ¢

and x € NA;.

Proof of (ii): If © € (NA;)¢, then x ¢ NA;. That implies z € AS for some i,
1.11 We must verify each of the three properties in Definition 1.2.1.

a. (1) The empty set ) € {0, S}. Thus@ € B. (2) 0° =S € Band S¢ =)
b. (1) The empty set @) is a subset of any set, in particular, ) C
then A C S. By the definition of complementation, A€ is
Ac e B. (3) If Ay, Ag,... € B, then, for each i, A;
Hence, UA; € B.

c. Let By and By be the two sigma algebras. (
sigma algebras. Thus ) € By N By. (2) If A

(2) If AeB,
, and, hence,
union, UA; C S.

B> since B and Bs are
€ By and A € B,. Since

1.12 First write

(0+)

nld be infinite.) Thus

nli_}n(;P <D Ai) = nh_)rrgo iP(Ai) +P(B,,1)| = iP(AZ)
i=1 i=1 i=1

13 Wwhich is impossible. More

B are disjoint, P(AUB) = P(A)+ P(B) =1+ 3 =1,
generally, if A and B are disjoint, then A C B¢ and P(A) < P(B¢). But here P(A) > P(B°),

so A and B cannot be disjoint.
1.14 If S = {s1,...,Sn}, then any subset of S can be constructed by either including or excluding
s, for each 7. Thus there are 2™ possible choices.

1.15 Proof by induction. The proof for k = 2 is given after Theorem 1.2.14. Assume true for k, that
is, the entire job can be done in ny X no X --- X ng ways. For k + 1, the k + 1th task can be
done in ng4q1 ways, and for each one of these ways we can complete the job by performing



