Chaparro-Akan — Signals and Systems using MATLAB

0.2

0.1 Basic Problems

0.1 Letz=8+j3andv =9 —j2,
(a) Find

(1) Re(z) +Im(v), (i7) |z+v|, (#i) |zv|, (iv) Lz + Zv, (v) |v/z|, (vi) L(v/2)

(b) Find the trigonometric and polar forms of
(1) z 4w, (id) zv, (i5i) z* () zz*, (v) z—w

Answers: (a) Re(z) + Im(v) = 6; [v/z]| = v/85//T3; (b) zz* = |2|> = 73.
Solution

(@) i Re(z)+ZIm(v)=8—-2=6
ii. |2+ =[174+41 = VITZ + 1
iii. [2v| = |72 — j16 + j27 + 6] = |78 + j11| = /782 + 112
iv. Zz+ Zv=tan"1(3/8) — tan"'(2/9)
v. [v/2] = |vl/|2| = VB5/VT3

vi. Z(v/z) = —tan"1(2/9) — tan=1(3/8)
(b) i z4v=17+j= 172 Letan (1/17)
i, 20 =78+ j11 = /782 + 112¢i tan " (11/78)
iii. 2* =8 — j3 = \/W(e—jtan_l(ii/és))* _ \/ﬁe]’tan_l(B/S)
iv. 22* =12|2 =173
V. z—v=—1+j5 =T+ 2pedtan (5
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0.2 Use Euler’s identity to

(a) show that
(i) cos( — w/2) =sin(f), (ii) —sin(@ —7/2) = cos(), (iti) cos(f) = sin(6 + w/2).

(b) to find
1 1
@ mt) sin(2m 0 2(2m .
(3) /0 cos(2nt) sin(2nt)dt, (i4) /0 cos“(2mt)dt

Answers: (b) 0 and 1/2.

Solution

(a) We have

i. cos(0 —7/2) = 0.5(e707/2) 4 e710-7/2)) = _50.5(e’? — e79) = sin(h)

ii. —sin(@ — 7/2) = 0.55(eI0=7/2) — =30=7/2)) = 0.55(—75)(e? + e77%) = cos()
iii. sin(f +7/2) = (jel? + je™79)/(25) = cos(8)

(b) i cos(2mt)sin(2nt) = (1/45)(e?4™ — e7917) 50 that

-

1 J 1 ejdnt . 1 e—Jd4nt )
27t) sin(27t)dt = — — =04+0=0
/0 cos(2mt) sin(27t) 1 inj lo + 1 anj lo +

ii. We have 1 )
cos?(2nt) = 1(6‘74”’5 + 24 e = 5(1 + cos(4mt))

so that its integral is 1/2 since the integral of cos(4t) is over two of its periods and it
is zero.
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0.3 Use Euler’s identity to
(a) show the identities
(i) cos(a+ B) = cos(a) cos(8) — sin(a) sin(B)
(#) sin(a+ 8) = sin(a) cos(B) + cos(a) sin(B),
(b) find an expression for cos(a) cos(/3), and for sin(a) sin(8).

An?V\;eljs:(gj)‘]‘ejﬁ = cos(a+ f) + jsin(a + B) = [cos(a) cos(B) — sin(e) sin(B)] + j[sin(«) cos(8) +

Solution
(a) Using Euler’s identity the product

e1%edP = (cos(a) + jsin(a))(cos(B) + jsin(B3))
[cos(ax) cos(B) — sin(a) sin(B)] + j[sin(a) cos(B) + cos(a) sin(f)]

while
eIt = cos(a 4 B) + jsin(a + 3)

so that equating the real and imaginary parts of the above two equations we get the desired
trigonometric identities.

(b) We have
cos(@)cos(B) = O0.5(e7 +e7I%) 0.5(e + e~
= 0.25(e/@FB) 4 I (oB)y 4 0.25(e (@B 4 mi(aB)y
= 0.5cos(a+ ) + 0.5 cos(a — B)
Now,

sin(a)sin(8) = cos(a —7/2)cos(f —7/2)
= 0.5cos(a—7/2+ B —7/2)+0.5cos(ac — /2 — B+ 7/2)
= 0.5cos(a+ f —m) 4+ 0.5cos(a — 3)
—0.5 cos(a + B) 4 0.5 cos(av — )
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0.4 Consider the calculation of roots of an equation 2z

= a where N > 1 is an integer and o =
||e?? a nonzero complex number.

(a) First verify that there are exactly N roots for this equation and that they are given by
2, = red% where r = |a|YN and 0, = (¢ + 27k)/N fork =0,1,--- ,N — 1.

(b) Use the above result to find the roots of the following equations
(1) 22 =1, (i) 22 =—-1, (iii) 22 =1, ()23 =—-1.

and plot them in a polar plane (i..e., indicating their magnitude and phase). Explain how
the roots are distributed in the polar plane.

Answers: Roots of 2% = —1 = 1e/™ are 2, = 1e/("+270)/3 | = 0,1, 2, equally spaced around
circle of radius 7.

Solution

(a) Replacing 2 = |a|/Nel(@+2mR)/N in 2N we get 2} = |ale/(®T27F) = |a|e?(®) = o for any
valueof k=0,--- ,N — 1.

(b) Applying the above result we have:

e For 22 = 1 = 1¢/2™ the roots are z;, = 1/ +275)/2 | — (1. Whenk =0, 2y = /™ = —1
and z; = 927 = 1.

e When 22 = —1 = 1e/™ the roots are z;, = 1/ (™t27%)/2 | = 0,1. When k = 0, zg = €/™/2 = j,
and z; = e/37/2 = —j.

e For z° = 1 = 1€727 the roots are z, = 1e/™+27K)/3 | — 0 1.2. When k = 0, zy = e/27/3;
fork =1,z = e/*/3 = ¢7727/3 = ¥ and for k = 2, 2z, = 1737 = 1.

e When 23 = —1 = 1e77 the roots are z;, = 1e?("t27K)/3 | — (. 1,2. When k = 0, zy = €/™/3;
fork=1,21 =¢/™ = —1;and for k = 2, zo = 1e70™/3 = 1e7(-™)/3 =

(c) Notice that the roots are equally spaced around a circle of radius r and that the complex
roots appear as pairs of complex conjugate roots.
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0.5 Consider a function of z = 1 + j1, w = ¢*

(a) Find (i) log(w), (ii) Re(w), (iii) Zm(w)
(b) What is w + w*, where w* is the complex conjugate of w?
(c) Determine |w|, Zw and | log(w)|? ?

(d) Express cos(1) in terms of w using Euler’s identity.

Answers: log(w) = z; w + w* = 2Refw] = 2e cos(1).

Solution
(a) If w = e* then
log(w) =2z=1+41

given that the log and e functions are the inverse of each other.
The real and imaginary of w are

w=e* =e'elt = ecos(1) +j esin(1)
—— ——
real part  imaginary part

(b) The imaginary parts are cancelled and the real parts added twice in
w4+ w* = 2Re[w] = 2e cos(1)

(c) Replacing =
w=e” =elel!

so that jw| = eand Zw = 1.
Using the result in (a)
[log(w)|* = |2]* =2

(d) According to Euler’s equation

cos(1) = 0.5(e? +e77) = 0.5 <Z + u;)

which can be verified using w + w* obtained above.
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