Chapter 1
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01.4 Letx1=q,zg=q,x=[2 ] € R?™,

T = Z
£y = § = M Yz1)[u— C(z1,32)z2 — Dz3 — g(71))

e 1.5 Let 21 = q1, T2 = 1, T3 = @2, T4 = Ga.

ii:l = X2
. ) k
Iy = -— Ig sinzy — 7(.1'1 —3)
T3 = 14
T4 = Zc-(:l: - z3) + -l—u
+ = 5@ 3 7

e 1.6 Let 21 = q1, 22 = 1, T3 = @2, T4 = g2, where x; € R™.

I = Z2

2 = —M"Yz1)[h(z1,22) + K(z1 — 23))
i3 = x4

t4 = JIK(z1—x3)+J

e 1.7 Let
Z = Az + Bu, y=Cz

be a state model of the linear system.
u=r-9(t,y) =r—9(tCz)

Hence
= Az — ByY(t,Cz)+ Br, y=Cz

©1.8 (a) Let 2y =6, 22 = 5, 73 = E,, and u = Epp.

1 = Ty
T = L Da: ma: sinz
2T M MR M
1
I3 = —n—2$3+1’§'608$1+—u
T T T

(b) The equilibrium points are the roots of the equations

0 = I
0 = 0815- D.’L‘z - 2.0.’1:3 sina:l
0 = —-27z3+1.7cosz; +1.22
0.4075
T =0=> 23 = —
Sin

Substituting z3 in the third equation yields
(1.22 + 1.7coszy) sinz; — 1.10025 =0

The foregoing equation has two roots z; = 0.4067 and z; = 1.6398 in the interval —7 < z; < 7. Due to
periodicity, 0.4067 + 2nm and 1.6398 + 2nr are also roots for n = +1,+2,.... Each root z; = z gives an



equilibrium point (z,0,0.4075/sinz).

(c) With E, = constant, the model reduces to

.’i:l = X2
= ———z3——F
) Vi M.’l?z Vi q SIN T
which is a pendulum equation with an input torque.
e 1.9 (a) Let z; = ¢, 2 = vc.
i‘l = (]BL=’UL=Uc=.’l:2
COR S ¥ —1.[1' i z]
2 T UVCEFICEGsT U
1 1
= -5 [’l:s = Io sin kxl o= -E.’Bz}

(b) Let z; = ir, T2 = ve.

& = Ipkcosker ¢p = kI3 —i3ve
= zok\/Ig — a2

. 17 1
o = E[Zs—xl—ﬁ.’tz:l

The model of (a) is more familiar since it is the pendulum equation.

e 1.10 (a) Let ;1 = ¢, z2 = ve.

T1 = L=V =Uc =22
Y _1[. ve ]
T2 = Uc—CC-—C is R L
1
= o] [is—Lzl—,u:z::f—%xz]
(b) 72 =0 = Lz;+pz3 =0 = z; = 0. There is a unique equilibrium point at the origin.
e 1.11 (a)
z2=Az+ Bu, y=Cz, wu=sine
é=0;—0,=—6,=-y=-Cz
z=Az+ Bsine, é=-Cz
. (b)

0= Az + Bsine = z=-A"'Bsine
0=Cz = —CA 'Bsine=G(0)sine=0
G(0)#0 = sine=0 = e==+nm, n=0,1,2,--- and 2=0
(c) For G(s) =1/(rs+1), take A= —1/7, B=1/7 and C = 1. Then

. 1 1 . ;
Z=— —z+ —slne, e€e=-—2
T T

Letz; = e, x2 = —2.
. . 1 1 .
I = T2, To = — —T2— —SINI
T T
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e 1.12 The equation of motion is
Mijj= Mg —ky — 19 — c29ly]
Let z1 =y and z2 = 4.
k C1 C2

fi?l = T2, i‘2 =i &= 'A—/fah - ﬁzz - M.’L’zl(vﬂ +g

¢ 1.13 (a)
mj = — (k1 + k2)y — ¢y + h(vo — 9)

where ¢ > 0 is the viscous friction coefficient.
(b) h(v) = h(vo) — k' (vo)y-
mij = — (k1 + k2)y — [c + h'(v0)]9 + h(vo)

(c) To obtain negative friction, we want ¢+ h’(vo) < 0. This can be achieved with the friction characteristic
of Figure 1.5(d) if vp is in the range where the slope is negative and the magnitude of the negative slope is

greater than c.
e 1.14 The equation of motion is
M =F — Mgsin8 — k;sgn(v) — kav — k3v?

where ky, k2, and k; are positive constants. Let £ = v, u = F, and w = sin§.

1
= i [—kisgn(z) — kaz — ksz® + u] — gw

e 1.15 (a)

d? d : . .
H= mﬁ(y + Lsinf) = ma(y + L cosB) = m(ij + LO cos® — L6 sin 6)

&2 . 3 . :
V= ma?(L cosfd) +mg = m%(—LGsinO) +mg = —mLOsinf — mLé® cosf + mg

Substituting V' and H in the f-equation yields

I6 = VLsinf— HLcosf
—mL2@(sin 8)> — mL%0%sin 6 cos§ + mgLsin6
—mLjj cos® — mL?0(cos8)? + mL?6?sin 0 cos §
—mL?[(sin8)? + (cos§)?] + mgLsind — mLijcosf
—mL?6 +mgLsin — mLjjcosf
Substituting H in the j-equation yields

Mjj=F —m(§ + Lf cosf — Lé?sin ) — ky

(b) .
0| _ mgL sin @
2{9) [ i ] - [ F+mLé2sin0—ky]
where 5
_ | I+mL® mLcosé
Do) = [ mLcos§ m+ M J

det(D(8)) = (I + mL?)(m + M) — m2L? cos® 6 = A(6)



