Signals and Systems

SIGNALS AND THEIR PROPERTIES

Solution 2.1

@) &, )= > dx—m,y—n)= 0o 8(x —m) - 3% 8(y — n), therefore it is
a separable signal.

(b) 38;(x, y) is separable if sin(20) = 0. In this case, either sin® = 0 or cosd = 0, é;(x, y) is a product
of a constant function in one axis and a 1-D delta function in another. But in general, §;(x, y) is not
separable.

(c) e(x,y) = explj2m(uox + voy)] = exp(j2muox) - exp(j2mvoy) = eip(x; ug) - eip(y; vo), where
e1p(f; w) = exp(j2mwt). Therefore, e(x, y) is a separable signal.

(d) s(x, y) is a separable signal when ugvg = 0. For example, if up = 0, s(x, y) = sin(Qrugy) is the
product of a constant signal in x and a 1-D sinusoidal signal in y. But in general, when both u¢ and vy
are nonzero, s(x, y) is not separable.

Solution 2.2

(a) Not periodic. §(x, y) is non-zero only when x = y=0.
(b) Periodic.
o0 o0
comb(x, y) = Z Z d(x —m,y—n)
m=—00 n=—-00

For arbitrary integers M and N

o0 o0
comb(x +M,y+ N) = Z ZS(x—m+M,y—n+N)

m=—00 n=—00

= > Y sac-py-q@letp=m—Mg=n—N]

p=—00¢=—00

comb(x, y)
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Periodic. Let f(x + Ty, y) = f(x, y), we have
sin(2mx) cos(4my) = sin(2r (x + Ty)) cos(4my).
Solve the above equation, we have 2 T, = 2k for arbitrary integer k. So the smallest period for x is
T,o = 1. Similarly we can find the smallest period for y is Tyo = 1/2.
Periodic. Let f(x + Ty, y) = f(x,y), we have

sinQ2m(x + y)) = sin2r(x + T + y)).

So the smallest period for x is Tyo = | and the smallest period for y is Typ = 1.
Not periodic. We can see this by contradiction. Suppose f(x, y) = sin(271(x2 + yz)) is periodic, then
there exist some Ty such that f(x + Ty, y) = f(x,y):

sin@r(x2+y?) = sin@a((x + T+ %)
= sin(ZJ't(x2 + y2 +2xT + sz))

In order for the above equation to hold, we must have 2xT, + T2 = k for some integer k. The solution
for T depends on x. So f(x, y) = sin(2n x4+ y- 2} is not penodu,

Periodic. Let fy(m + M, n) = fq(m, n), we have

sin (z;—m) cos (%n) = sin ( (m + M)) cos (%n)

Solve for M, we have M = 10k for any integer k. The smallest period for both m and n is 10.

Not periodic. Analog to part (f), by letting fa(m + M,n) = fy(m,n), we have

) 1 ‘ 1 e l ‘ 1
sin (Em) cos (E") = sin (S(m + M)) cos (5”)

The solution for M is M = 10kz. Since fy(m, n) is a discrete signal, its period must be an integer
if it is periodic. There is no integer k that solves the equality for M = 10k for some M. So,
fa(m, n) = sin (%m) cos (%n) is not periodic.

Solution 2.3

(a)

o0 o
Eoo(8y) = / f 82(x, y)dxdy

| 1 8(x — ) —n)d
LmooyLmoo/ f Z Z (x —m,y—n)dxdy

"l"‘—OO n=-—00

= Jim_lim @LXJ+DELY]+1

= o0

where | X | is the greatest integer that is smaller than or equal to X.
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Poo (85) = ll»oo}’]l»oo 4XY,/ / 8 (x,y)dxdy

= XlgnooY—-»oo4XY/ / Z Z‘S(x_my_")d”y

i e CIXTEDELYI 4D
X—00 ¥Y—>00 4XY
ALXJLY) | 21X]+2|Y] 1
{ 4XY 4XY 4XY}

= lim lim
X—>00Y—00

Poo (8s) = 1
(b)
o0 o0
Exw(§) = / f |8(x cos8 + ysin6 — )|>dxdy
—00 vV —00
[o¢] o0
= / f d(xcos6 + ysin6 —l)dxdy

mn(,, sing # 0

’cosal dy, cos@ #0

Ex(d) =

@ comes from the scaling property of the point impulse. The 1-D version of Eq. (2.8) in the text is
d(ax) = 7 I(‘)‘(x)

Suppose cos @ # 0,

. 1 sin @ l
HECOSEEE GG = | cosé| 5 x+ycos9  cosf

therefore,
oo 1
8 0 sin@ — l)dx = .
/;OO (x cos @ + ysin )dx [cosd]
P = i 0 —1)|%d
o (81) X—»moo y]_)moo Xy / / |[6(x cos6 + y sin )“dxdy
= li —Ddxd
Xh—>oo y_)moo 4XY,/ / 8(xcosO + ysin@ — )dxdy
without loss of generality, assume 6 = 0 and / = 0, so we have sinf = 0 and cos@ = 1. Therefore:

Po(8) = llm lim f f 8(x)dxdy

X—>00 Y>>0 4XY



1 rY ( rX

= h i s(x)d d
XLmooYll—Ello4XYj i/ x) xi y
= hm lim ——— ldx
X—>o0Y—>00 4XY
2Y
= lim lim ——
X—ooY—>o00 4XY
= lim L
X—o00 2X
POU(SI) =0
(c)
o o0 2
Ex(e) = f f lexp [j27 (uox + voy)I|* dxdy
—00 J -0
o oo
f / 1dxdy
—00 J—00
Ex(e) = o
Px(e) = Jim lim 4XYf / | explj 27 (uox + voy))|* dxdy
= | li ldxd
X1—>moo YLmoo 4XY/ / e
Ple) = 1
@
o0 o0
Ex(s) = f / sin2[2ﬂ(uox+v0y)]dxdy
oo J—o0
® o o0 | — cos[4m(uox + voy)l
= > dxdy
o0 o0 4 )
_ j / _dxdy f f cos| ﬂ(u02x+vo))l dxdy
—00 J —00
Eoxo(s) @
@ comes from the trigonometric identity: cos(20) =1 — 2sinZ(0).

@ holds because the first integral goes to infinity. The absolute value of the second integral is bounded,
although it does not converge as X and Y go to infinity.

Py (s) = Xll—l;noo Yleoo 4XY/ / sin [2n(uox+voy)]dxdy

X 1 — cos[4m (uox + voy)]
lim lim dy
X—o00Y—>00 4XY 2
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